Polaritons ͓1͔ are collective excitations ͑phonons, excitons, magnons, etc.͒ of a crystal generated from a coherent linear interaction between a polar material mode and the electromagnetic field. Since several pieces of pioneering work published half a century ago ͓2-4͔, polaritons have been extensively studied both theoretically and experimentally for the bulk, layer, as well as interface systems. Artoni and Birman ͓5͔ developed a quantum-mechanical Hamiltonian formulation to treat the exciton polariton in the framework of quantum optics. They studied the conventional Hopfield Hamiltonian and a more general one, demonstrating that the polaritons are squeezed with respect to states of an intrinsic, nonpolaritonic, mixed photon-exciton boson. Ghoshal and Chatterjee ͓6,7͔ discussed two quantummechanical models of phonon polaritons. Their results showed that both the photon and phonon subsystems can exhibit nonclassical behaviors. In these investigations the canonical Bogoliubov transformation is used to diagonalize the definite positive Hamiltonian with the creation and annihilation operators in bilinear form ͓8-10͔, where the corresponding eigenstates are the general multimode squeezed states related to the original free states by a unitary operator ͓10-12͔.
On the other hand, Wang et al. ͓13͔ solved the model in Ref. ͓7͔ by a concise approach, where the wave function of the ground state is a priori taken as a squeezed form. The ground energy and the parameters of the squeezed form can be solved by comparing the coefficients of each independent term of both sides of the Schrödinger equation. We refer to this concise approach as the undetermined coefficient approach ͑UCA͒.
In the framework of the conventional diagonalization method ͑CDM͒, the canonical transformation between the new and old operators is first solved as the eigenvectors of the Hamiltonian matrix, and the polariton energies are just the corresponding eigenvalues. Then the polariton wavewhere ͉0͘ is the vacuum state for the free photon and polarization field, and N c is the normalization constant, we can prove that ͑see the Appendix͒
where the i 's are constrained by the following relations:
Substituting Eqs. ͑2͒ and ͑3͒ into the Schrödinger equation for the ground state
and reducing it by the identity c 1ϩ 
The solutions of Eqs. ͑7͒-͑10͒ are
͑12͒
We can prove that only the largest value of E in Eq. ͑11͒ satisfies the constraint ͑5͒. As a result, the polariton ground state energy is
and the corresponding wave function is given by Eqs. ͑3͒ and ͑12͒.
Having obtained the wave function of the polariton ground state, we are able to find the canonical transformation from the free photon operators and polarization quantum operators to the polariton operators. The Hamiltonian in the polariton operators is a diagonalized one:
where ⍀ is the quantized energy for the upper or lower branch polariton, and g (g † ) are the annihilation ͑creation͒ operators for the polariton. The indices 1 and 2 correspond to the upper and the lower branch polariton, respectively; while the indices ϩ and Ϫ represent different combinations of the Ϯk photons and the Ϯk polarization quanta, which can be seen clearly from the transformation in a matrix form as
Here, both u and v are 2ϫ2 matrices, and the indices T and * denote the transpose and the complex conjugate of a matrix, respectively.
From the well-known commutation rules ͓g iϩ ,g jϩ † ͔ ϭ␦ i j ,͓g iϩ ,g jϪ ͔ϭ0, i, jϭ1,2, we have
The inverse form of the transformation is then found to be
͑17͒
For the polariton ground state ͉0͘ p ,
Substituting Eqs. ͑3͒ and ͑15͒ into Eq. ͑18͒, it is found that
vϭϪu, ͑19͒
where ϭ ͫ 1 3 3 2 ͬ .
͑20͒
Therefore only u is the independent matrix to be determined. Substituting Eq. ͑15͒ into the commutation relation ͓g iϩ ,Ĥ ͔ϭ⍀ i g iϩ , and then comparing the coefficients of terms c 1ϩ and c 2ϩ as well as eliminating v by Eq. ͑19͒, we obtain the secular equation
From Eq. ͑21͒, we find
which is the same as the result obtained by the CDM ͓14͔. Moreover, combining Eq. ͑19͒ and the first equation of ͑16͒, we obtain
It is straightforward to check that the original Hamiltonian ͑2͒ is simplified to the diagonalized form ͑14͒ if we substitute Eqs. ͑17͒, ͑23͒, and ͑24͒ into it. Furthermore, from Eqs. ͑14͒ and ͑22͒, the polariton ground energy is
recovering Eq. ͑13͒ and implying self-consistency of our method.
We also checked that all the above results can be retrieved by using the CMD, so the UCA and the CMD are actually equivalent. The advantages of our approach appear to be that, on one hand, we can obtain the energy and wave function of the ground state without the knowledge of the canonical transformation; on the other hand, the derivation of the canonical transformation is actually an eigenvalue problem of a 2ϫ2 matrix, much simpler than the eigenvalue problem of a 4ϫ4 matrix obtained by using the CMD ͑for an n-mode polariton system, the eigenvalue problems solved by the UCA and the CDM are connected to nϫn and 2nϫ2n matrices, respectively͒.
The energy of the excited state is E p ͑ n 1ϩ ,n 2ϩ ,n 1Ϫ ,n 2Ϫ ͒ ϭ͑n 1ϩ ϩn 1Ϫ ϩ1 ͒⍀ 1 ϩ͑n 2ϩ ϩn 2Ϫ ϩ1 ͒⍀ 2
